ABSTRACT. Let R be a commutative finite chain ring of invariants (q, s ). In this paper, the trace representation of any free cyclic R -linear code of length ℓ, is presented, via the q -cyclotomic cosets modulo ℓ, when gcd(ℓ,q) = 1. The lattice Cy(R,ℓ);+,∩ of cyclic R -linear codes of length ℓ, is investigated. A lower bound on the Hamming distance of cyclic R -linear codes of length ℓ , is established. When q is even, a family of MDS and self-orthogonal R -linear cyclic codes, is constructed.
INTRODUCTION
Research on linear codes over chain rings can be found in [7, 11] and cyclic linear codes were among the first codes practically used and they play a very significant role in coding theory. For instance, cyclic codes can be efficiently encoded using shift registers. Many important codes such as the Golay codes, Hamming codes and BCH codes can be represented as cyclic codes. Cyclic linear codes have been studied for decades and a lot of progress has been made (see, for example, [13] ).
Let R be finite chain ring with invariant (q, s ), and ℓ a positive integer such that gcd(q,ℓ) = 1. An R -linear code of length ℓ is an R -submodule of R is used to identify the cyclic R -linear codes of length ℓ with ideals of the ring R[X ]/(X ℓ − 1) and (X ℓ − 1) is the ideal of R[X ] generated by X ℓ − 1. The R -module Ψ( ) is called polynomial representation of the R -linear code . This polynomial representation of cyclic linear codes is used by Calderbank and Sloane in [3] , by Kanwar and López-Permouth [8] , for study the structure of cyclic linear codes over p s . Wan [12] extended these results to cyclic linear codes over Galois rings. Norton and Sãlãgean [11] and Dinh and López-Permouth [5] , in turn, extended the results of [3] and [8] to cyclic linear codes over finite chain rings.
We denote by Cy(R,ℓ), the set of all cyclic R -linear codes of length ℓ. We equip Cy(R,ℓ) of binary operations as: +, and ∩. When s = 1 and gcd(q,ℓ) = 1, it is widely known that q [X ] is a domaine ideal ring. Hence the lattice of ideals of q [X ]/(X ℓ − 1) is distributive. By the polynomial representation, it follows that for every ∈ Cy( q , ℓ), there exists a unique monic divisor g of X ℓ − 1 in q [X ] such that Ψ( ) = 〈g 〉, where 〈g 〉 := (g )/(X ℓ − 1), and g is called the generator polynomial of , and Ψ −1 (〈g 1 〉) ∩ Ψ −1 (〈g 2 〉) = Ψ −1 (〈lcm(g 1 , g 2 )〉) and Ψ −1 (〈g 1 〉) + Ψ −1 (〈g 2 〉) = Ψ −1 (〈gcd(g 1 , g 2 )〉), (2) for all monic divisors g 1 and g 2 of X ℓ − 1 in q [X ] . Hence, the lattice Cy( q , ℓ); +, ∩; {0}, ℓ q is distributive. In the general case s = 1, the lattice Cy(R,ℓ); +, ∩ is little known. In [11] , Norton and Sãlãgean, describe the generating set in standard form of any cyclic R -linear code of length ℓ. The ob-length of the code is coprime to the characteristic of the finite chain ring. Fundamental theory of this approach will be developed, and will be employed to construct any cyclic linear code. BCH-bound of any cyclic linear code will be also established.
The paper is organized as follows: Some definitions and results about the finite chain rings and Galois extension of finite chain rings, are recalled in Section 2. Section 3 discusses the notions of the type of any linear code over a finite chain ring. In Section 4 the set of cyclotomic partitions is investigated. In Section 5, the trace-description of free cyclic linear codes over finite chain rings is presented. A lattice of cyclic linear codes is studied in Section 6.
BACKGROUND ON FINITE CHAIN RINGS
Throughout of this section, R is a finite local ring with identity, J(R) denotes the maximal ideal of R, and u ×ℓ (R) denotes the set of all u × ℓ -matrices over R for all 1 ≤ u ≤ ℓ. Definition 2.1. A finite local ring R with identity is called a finite chain ring of invariants (q, s ) if
For example, for every positive integer s , n, p and p prime, the ring p s , is a finite chain ring of invariants (p, s ), and the ring p n [θ ] with θ s = 0 R and θ s −1 = 0 R , is a finite chain ring of invariants (p n , s ).
Let R be a finite chain ring of invariants (q, s ) and θ be a generator of J(R). The ring epimorphism
naturally extends to R[X ], of the following way: π( a i X i ) = π(a i )X i and u ×ℓ (R) of the following way: π acts on all the coefficients of any polynomial (resp. matrix) over R. Let R × be the multiplicative group of units of R. Obviously, the cardinality of R
We say that the ring S is an extension of R and we denote it by S|R if R a subring of S and 1 R = 1 S . We denote by rank R (S), the rank of R -module S. Let f ∈ R[X ] of degree m and (f ) is an ideal of R[X ] generated by f . Let f be a monic polynomial over R of degree m . We say that f is basic irreducible(resp. basic primitive ) if π(f ) is irreducible over q (resp. primitive). We denote by Aut R (S), the group of ring automorphisms of S which fix the elements of R. 
Proof.We set f : 
LINEAR CODES OVER FINITE CHAIN RINGS
For this section, R is a finite chain ring of invariants (q, s ), and θ is a generator of maximal ideal J(R). The ring epimorphism π : R → q naturally extends to R ℓ of the following way:
Recall that an R -linear code of length ℓ is an R -submodule of R ℓ . We say that an R -linear code is free if it is free as R -module. 
where U is a suitable permutation matrix and 
Proposition 4. ([7, Theorem 3.1]) Let
and ′ be R -linear codes of length ℓ. 
Remark 2. Let be an R -linear code with generator matrix G , as in (3). Then a generator matrix of
The Hamming distance of an R -linear code of length ℓ, is defined as: (1) is σ -invariant;
, and Res R ( ) have the same type;
Proof.Let
be an S -linear code. 
CYCLOTOMIC PARTITIONS
Let ℓ be a positive integer and q a power of a prime number with the property gcd(ℓ,q) = 1. One denotes by ℜ ℓ (q ) the set of q -closure subsets of Σ ℓ , and by 2 Σ ℓ the set of subsets of Σ ℓ . Obviously, the q -cyclotomic cosets modulo ℓ, form a partition of Σ ℓ . Let Σ ℓ (q ) be a set of representatives of each q -cyclotomic cosets modulo ℓ. 
We introduce the binary and unary operations on Σ ℓ . These operations are necessary in the following section, for the construction of cyclic linear codes. (
Let L be a nonempty set. We recall that the quintuple 〈L; ∨, ∧; 0, 1〉 is a bounded lattice if the following identities are satisfied :
A more general and detailed treatment of the topic can be found in textbooks on Lattices such as [6] . The relationships among these operations, are given in the following:
is bounded and distributive. Moreover, the map
is a lattices epimorphism with
We denoted by ℜ ℓ (q, s ) the set of (q, s ) -cyclotomic partitions modulo ℓ. It is easy to see that
By Definition 4.3, we see that |ℜ ℓ (q, s )| = (s + 1) |Σ ℓ (q )| .
Example 4.2.
We take ℓ = 20,q = 3, and s = 2. The q -cyclotomic cosets modulo ℓ, are:
and ∁ q ({1}) = {1, 3, 9, 7}; ∁ q ({2}) = {2, 6, 18, 14}; ∁ q ({4}) = {4, 12, 16, 8}; ∁ q ({11}) = {11, 13, 19, 17}.
So Σ ℓ (q ) = {0, 1, 2, 4, 5, 10, 11}. We remark that ∁ q ({−z }) = ∁ q ({z }), for every z ∈ {0, 2, 4, 5, 10}. We set I := {0; 1; 2; · · · ; 10}. We have A := ∁ q (I) = ∁ q ({0, 1, 2, 4, 5, 10}), −A = ∁ q ({2, 4, 5, 10, 11}), and A ⋄ := ∁ q ({1}).
We remark that the maps
FREE CYCLIC LINEAR CODES OVER FINITE CHAIN RINGS
Let R be a finite chain ring of invariants (q, s ) and ℓ be a positive integer such that gcd(q,ℓ) = 1.
Then there exists a positive integer m such that q m ≡ 1(mod ℓ) and q m −1 ≡ 1(mod ℓ). In this section, we
give the trace representation of cyclic R -linear codes of length ℓ. and the multiplicative order of η is ℓ. The evaluation
is an S -modules monomorphism. We see that if A := {0, 1, · · · , k − 1}, then for any ℓ th -primitive root of unity η in Γ(S), the S -linear code ev η (P(S ; A)) is a primitive Reed-Solomon code. For this reason, we define cyclic polynomial codes which is a family of codes over large finite chain rings as follows.
Definition 5.1. Let A be a subset of Σ ℓ , and S be a finite chain ring such that |Γ(S)| ≥ ℓ. Let η ∈ Γ(S) with the multiplicative order of η is ℓ. The cyclic polynomial code over S, with defining set A, denoted L η (S ; A), is the free S -module ev η (P(S ; A)).
For every subset set A of Σ ℓ , and for every positive integer u such that gcd(u , ℓ) = 1, we have (
Proof.Consider the codeword c
Proof.Let A, B be subsets of Σ ℓ .
(1) An S -basis of L η (S ; A ⋄ ) is {c a : −a ∈ A} where c a : 
, is {c a : a ∈ A ∩ B}. We have the equalities.
We set L ℓ (S) the set of all cyclic polynomial codes of length ℓ, over S. Then the quintuple L ℓ (S); +, ∩; {0}, S ℓ , is a lattice and the map
is a bijective lattices homomorphism. The following result extends [1, Theorem 5] to finite chain rings. 
Definition 5.2. A subset I of Σ ℓ is an interval of length δ if there exists
We have det(
which is a contradiction because c = 0. Hence wt(L η (S ; A)) ≥ δ + 1.
Proposition 11. Let S be a finite chain ring of invariants (2 n , s ) and ℓ := 2 s n − 1, A : 
Proof.We have A is an interval of length d − 1 and A
Proof.Let A, B be two subsets of Σ ℓ .
(1) On the one hand, it is clear that σ(L η (S ; A)) = L η (S ; q A). So by Proposition 6, we have
) and the other hand, from Proposition 6, Proof.It is obvious that prove that the map C η (R ; ) : 
. and ζ := η −z . Then the map and z ∈ Σ ℓ (q ).
Proof.By Lemma 1, the free cyclic R -linear codes of length ℓ are C η (R ; {z })) where z ∈ {0, 1, · · · , ℓ − 1} and all the R -linear cyclic subcodes of each cyclic R -linear code, are irreducible. Let be an irreducible cyclic R -linear code. Then := Annih (θ ) is also an irreducible cyclic R -linear code and the R -linear code Quot s −1 ( ) is cyclic and free. Let Quot s −1 ( ) be the free cyclic R -linear code such that ⊂ Quot s −1 ( ) and rank R ( ) = rank R (Quot s −1 ( )). Assume that |A| > 1. Then C η (R ; A) = C η (R ; A 1 ) ⊕ C η (R ; A 2 ) where A 1 ∩ A 2 = , A 1 = and A 2 = . We have ∩ C η (R ; A 1 ) = {0} and ∩ C η (R ; A 2 ) = {0}. Therefore = ( ∩C η (R ; A 1 ))⊕( ∩C η (R ; A 2 )). It is impossible, because be an irreducible. So |A| = 1. Now, ⊆ C η (R ; {z }), it follows that = θ t C η (R ; {z }), for some t ∈ {0, 1, · · · , s − 1}.
SUM AND INTERSECTION OF CYCLIC LINEAR CODES
Consider the map
In this section, on the one hand, we show that the map C ℓ,R : ℜ ℓ (q, s ) → Cy(R,ℓ) is bijective and the other hand we equip the set C ℓ,R of binary operations ∨ and ∧ such that C ℓ,R : ℜ ℓ (q, s ) ; ∨, ∧ → Cy(R,ℓ) ; +, ∩ is a lattice homomorphism.
The following theorem gives the number of cyclic codes and free cyclic codes over finite chain rings. 
We show that each cyclic R -linear code can be written as a direct sum of irreducibles in precisely one way.
Lemma 4. Let R be a finite chain ring of invariants (q, s ). Then the map
C ℓ,R : ℜ ℓ (q, s ) → Cy(R,ℓ) is a bijection and the type of C ℓ,R (A) is (|∁ q (A 0 )|, |∁ q (A 1 )|, · · · , |∁ q (A s −1 )|), for some A := (A 0 , A 1 , · · · , A s ) ∈ ℜ ℓ (q, s ).
Proof.Let
be an cyclic R -linear code of length ℓ. From Proposition 12, we have
and C η (R ; {z }) 's are free irreducible cyclic R -linear codes. It follows that
z , where
guaranteed. Moreover, for every t ∈ {0, 1, · · · , s − 1}, the cyclic R -linear code C η (R ; A t ) is free and
gives the type of C ℓ,R (A), the type of Proof.Let R be a finite chain ring of invariants (q, s ) and s is an even integer. We point out that the number of cyclic self-dual linear codes over finite chain rings has been given in [2] . In order to determine the defining multiset of the sum, and the intersection of R -linear cyclic codes, we extend the binary operation ∪ of ℜ ℓ (q ) to ℜ ℓ (q, s ) as follows: 
Proposition 14. Let
A := (A 0 , A 1 , · · · , A s ) ∈ ℜ ℓ (q, s ) and t ∈ {0, 1, · · · , s −1}. Then C ℓ,R (A) ⊥ = C ℓ,R (A ⋄ ), where A ⋄ := (−A s , −A s −1 , · · · , −A 1 , −A 0 ). Proof.Let A := (A 0 , A 1 , · · · , A s ) ∈ ℜ ℓ (q, s ). We have C ℓ,R (A) ⊥ ⊇ s −1 u =0 θ s −u R ℓ + C η (R ; A ⋄ u ) and θ s −t C η (R ; −A t ) ⊆ s −1 u =0 θ s −u R ℓ + C η (R ; A ⋄ u ) , for every t ∈ {1, 2, · · · , s }. It follows that C ℓ,R (−A s , −A s −1 , · · · , −A 1 , −A 0 ) ⊆ C ℓ,R (A) ⊥ .
